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Recap from last time

1. Larger samples give us more precision

2. The Central Limit Theorem says that the Null distribution will generally 
approach the Normal distribution

3. Using theoretical distributions (instead of shuffled random distributions) 
makes statistical measures lossless compression



Key ideas

1. We are really thinking about three distributions: the sample, the 
population, and the test statistic

2. We can use Z-scores to compare points on two different normal 
distributions

3. We can use Quantile-Quantile Plots to check for Normality



A reminder about the central limit theorem



Different Normal Distributions

Standard 
Normal 
Distribution



Comparing samples from two normal distributions

A college admissions officer wants to determine which of the two applicants 
scored better on their standardized test with respect to the other test takers: 
Pam, who earned an 1800 on her SAT, or Jim, who scored a 24 on his ACT?

SAT scores are distributed nearly normally with mean 1500 and standard 
deviation 300. ACT scores are distributed nearly normally with mean 21 and 
standard deviation 5. 



We can map different Normal Distributions onto the Standard Normal

SAT Distribution: N(1500,300) ACT Distribution: N(21,5)

Standard Normal: N(0,1)



Z-score: Number of Standard Deviations above the mean

These are called standardized scores, or Z-scores.

● Z-score of an observation is the number of standard deviations it falls 
above or below the mean.

Z = (observation - mean) / SD



Comparing samples from two normal distributions

We can’t just compare these two raw scores. But, we can compare how many 
standard deviations beyond the mean each observation is.

● Pam's score is (1800 - 1500) / 300 = 1 standard deviation 
above the mean.

● Jim's score is (24 - 21) / 5 = 0.6 standard deviations above the mean.



Z-score: Number of Standard Deviations above the mean

These are called standardized scores, or Z-scores.

● Z-score of an observation is the number of standard deviations it falls 
above or below the mean.

Z = (observation - mean) / SD

● Z scores are defined for distributions of any shape, but only when the 
distribution is normal can we use Z scores to calculate percentiles.

● Observations that are more than 2 SD away from the mean (|Z| > 2) are 
usually considered unusual.



The 68-95-99.7 Rule
For nearly normally distributed data,
● about 68% falls within 1 SD of the 

mean,
● about 95% falls within 2 SD of the 

mean,
● about 99.7% falls within 3 SD of the 

mean.

It is possible for observations to fall 4, 5, 
or more standard deviations away from 
the mean, but these occurrences are 
very rare if the data are nearly normal.



Practice Question 1: Quality Control

At the Heinz ketchup factory, the amount of ketchup that goes into the bottle is 
supposed to be normally distributed with mean 36 oz. and standard deviation 0.11 
oz. 

Once every 30 minutes a bottle is selected from the production line, and its contents 
are noted precisely. If the amount of ketchup in the bottle is below 35.8 oz. or above 
36.2 oz., then the bottle fails the quality control inspection. 

What percent of bottles have less than 35.8 ounces of ketchup?

Z(35.8) = (35.8 - 36)/.11 ~ -1.82

Since ~95% of the distribution falls within 2SD on either side of the mean, we should 
expect it to be a little bit more than 2.5%



Practice Question 2: Quality Control

What percent of bottles pass the quality control inspection?

(a) 1.82% (d) 93.12%
(b) 3.44% (e) 96.56%
(c) 6.88%

Once every 30 minutes a bottle is selected from the production line, and its contents are 
noted precisely. If the amount of ketchup in the bottle is below 35.8 oz. or above 36.2 oz., 
then the bottle fails the quality control inspection. 
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Aside: Don’t worry about probability tables. We live in 2022

use 
pnorm(Z)



pnorm and qnorm

pnorm(q, mean, sd): get the probability of the normal distribution  
with mean and standard deviation (sd) associated with a given quantile

pnorm(1.96, 0, 1) = .975

qnorm(p, mean, sd): get the quantile of the normal distribution with 
mean and standard deviation (sd) associated with a given probability

qnorm(.975, 0, 1) = 1.96



How do you know if a distribution is Normal?

Draw a normal distribution over it, see how good it looks.



How do you know if a distribution is Normal?

An easier plot to look at is a Quantile-Quantile (QQ) Plot



Poorly sampled Normal plots show non-systematic deviations
N = 40 N = 100 N = 400



Non-normal plots show systematic deviations

  ggplot(poker, aes(sample = winnings)) 
+
     geom_qq() + 
     geom_qq_line() 



Practice Question 3: Which of the following is false

1. Majority of Z-scores in a right skewed distribution are negative.

2. In skewed distributions the Z-score of the mean might be different 
than 0.

3. For a normal distribution, IQR is less than 2 x SD.

4. Z-scores are helpful for determining how unusual a data point is 
compared to the rest of the data in the distribution.
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